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Determination of da/dM-AK; curves for
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Crack-growth relations under cyclic fatigue conditions are mostly determined for long cracks.
In order to determine da/dN-AK curves for small cracks from lifetimes under cyclic load a pro-
cedure has been derived which is based on a method usually applied. to subcritical crack
growth. To prove the cyclic effect and to demonstrate the procedure in detail, measurements
were carried out on an Al,O;-ceramic in bending with an R-ratio of R = — 1 and two types of
relatively small cracks, namely natural cracks and Knoop-cracks. It was found that both crack
types exhibit the same da/d N-AK relation. The exponent of the Paris law for fatigue crack
growth is significantly different from the exponent of the power law for subcritical crack

growth.

1. Introduction

In recent years much effort has been spent on the
investigation of the cyclic fatigue behaviour of ceramic
materials. It is obvious that in most cases damage due
to fatigue starts at small flaws such as pores, inclusions
or cracks. The fatigue damage, therefore, can be de-
scribed applying linear elastic fracture mechanics by a
relation between the crack growth rate per load cycle
da/dN and the cyclic stress intensity factor AK. In
metallic materials the da/dN-AK relation is deter-
mined with fracture mechanics specimens having a
crack size of several centimetres and the results are
applied to the real cracks in a component applying the
appropriate stress intensity factor.

In ceramic materials, the behaviour of specimens
with macrocracks was also investigated [1,2]. The
application of the results from macrocracks to com-
ponents with small, natural flaws may be doubtful for
several reasons: applicability of linear-elastic fracture
mechanics to the small flaws, complicated flaw geo-
metry, effects of rising crack growth resistance curve
(R-curve). For crack extension under static loading
large differences between micro- and macrocrack be-
haviour was observed [3]. A similar effect can be
expected for cyclic loading.

The results of tests under cyclic loading can be
presented as 6—N curves, with the stress amplitude,
G,, or the maximum stress, O,,, plotted versus the
number of cycles until failure. It is also possible to
derive from such tests the da/dN-AK- relation of the
material, as will be shown in this paper. This relation
then can be compared with results from macrocracks.

The delayed failure under constant loading can be
described by a relation between crack growth rate and
stress intensity factor. From these results predictions
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for the cyclic fatigue behaviour can be made under the
assumption that no additional fatigue damage occurs.
The real fatigue can then be compared with the predic-
tion to reveal any cyclic effects.

2. Cyclic fatigue relations
The crack growth in one load cycle da/dN is a func-
tion of the range of the stress intensity factor

da

oy = JK) (1)

where AK is dependent on the stress range, Ac, and
the crack depth, a, by
AK = Aca'?Y (2a)

Instead of the stress range the stress amplitude o, =
Ac/2 or the maximum stress can be used. Then with R

= cymin/o-max
AK = 206,aY%Y (2b)
AK = o, (1 —R)a'?Y (2¢)
For a power law relation
da
= = Ky
iN A(AK) (3a)
or q A
a KV
— = g*
w o) o

the number of cycles until failure can be obtained by
the integration of Equation 1

Ne =

2 1 1
A0 = D7 (Boy | ap o geoe | W
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where g, is the initial crack depth and a. is the critical
crack depth. It is assumed that ¥ is independent of the
crack depth. The parameter A or A* and possibly also
n may be dependent on R. Under the assumption that
the inert fracture strength, o, and cyclic fatigue are
caused by the same flaw population, the initial flaw
size can be replaced by the strength, o,

ch 2
a = (ﬁ) ®)
The critical flaw size is given by
ch 2
= 6
a (Gme) (6)
leading to
2 n~2 n—2
Nf — c’-C — 1 _ Gmax
A(n — DY"Ki7*(Ac)’ o
()
Because of the large exponent n
n—2
GC
and thus
N = Bo,? Bo”™? _ C
£ (Ag)n B 0:lnax(1 - R)n B 0:lna\x(l - R)n
©
with
B = 2 (10a)
 A(n — 2)Y2K}?
and
C = Bol? (10b)

In a plot of log Ao or log ©,,,, versus log Ny, a straight
line with a slope of — 1/n is expected. Sometimes the
stress is plotted versus the lifetime ¢; = N;/f, where fis
the frequency. The scatter in lifetime can be related to
the scatter in strength under the same assumptions:
power law relation (Equation 3) and same flaw popu-
lation for strength and lifetime. The scatter in strength
is described by a Weibull distribution.

1 — exp[— <g—°~>m] (11)

The scatter in the number of cycles to failure is then
given by

F(Ny) = 1 — expl:— <%{>W] (12)
0

F(o.) =

with
- " 13
m — (13a)
Bol~? Bo? ™2
_ _ ; 13b
No = Taoy = ot — vy Y

Equation (13b) is only valid if the strength and lifetime
is determined with the same size of the specimen. The
size effect in the Weibull statistics is described by the
effective volume for volume flaws or the effective sur-
face for surface flaws. To obtain the effective volume,
V., the stress distribution in the component is de-
scribed as

o(x,y,z) = o*g(x,y,z2) (14)

where o* is a reference stress and g(x, y, z) a geo-
metric function. Then V. is given by

Ver = Jg'”(x, ¥ z)d¥ (15)

For different effective volumes considered in strength
and lifetime determinations Vg ; and Vg v, Equation
13b has to be replaced by

Veff c Lm BOJ(l)_2
N, = : 16
0 < Veff,N> Ac” (16)

3. Prediction of cyclic fatigue from
static tests
Under static loading the crack growth rate is a func-
tion of the stress intensity factor, K;, which in many
cases can be described by a power law relation
AKS< for K, >0

v= 0 for K, <0 (a7
A prediction of the lifetime under cyclic loading or of
the crack growth da/dN-AK curve can be made for
any stress—time relation under the assumption that no
additional effects are occurring. For a sinusoidal stress

o(t) = o, + oasin<%t— t> (18)

with mean stress, o, the lifetime is obtained by integ-
ration of Equation 17, leading to

N, B,o™"?

e = — = - 19
“ =7 T oThoujo.n) (19
N, B,om2 2\

e = — = ——0 ("~ 19b
fe f Gnmsaxh(cm/o-a’ns)<1 - R> ( )

with
c 1 (72 )
h(—"’,n) = —J [o./0, + sine]"do (20a)
o, T)_y
a = sin” Yo,/c,) (20b)

B, is given by Equation 10, with A4 replaced by A,.
The lifetime for static tests at the stress, o, is
Bom™?
s = ——— @n

o.n

8

Therefore, the lifetime under static load at the stress,
o, can be compared to the lifetime under cyclic load
according to

O_S n 2 n 1
e = tfs<cmax) <1 _ R) h(6,/C,, 1) 22

Equation (22) is valid under the assumption that the
specimen sizes are the same for static and cyclic tests.

If static tests are performed in four-point bending
and cyclic tests with the same specimen size in re-
versed bending (R = — 1), then the effective volume
(or surface) in the cyclic tests is twice that in the static
tests. Then Equation 22 has to be replaced by

. (S " 2 " 1 1
®\Oma/ \1 — R/ h(o,/c,, n) 20~ 2m
(23)
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For tests with R = — 1, the function h is
t n 1 n
o = zoe| T3+ 3) |/ 7+ 1))
(24a)
which can be approximated for n > 15 by
0.395
h(O, n) = ‘an (24b)

4. Evaluation of fatigue data with
specimens containing
natural cracks
The evaluation of tests with constant amplitude leads
to a relation between the stress amplitude (or o,,,),
lifetime (expressed as N; or t;,), and failure probability
or to a relation between da/dN and AK.

4.1. Power law relation
For a power law relation according to Equation 3, the
materials parameters 4 and n have to be determined.
In a plot of log o, (or log o,,,) versus log N; (or
logt;) for at least two amplitudes, n and the quantity
C = Bo""? can be determined from a straight line
through the median values of N;. The parameter A
then can be calculated from

zo.n—z
S 25
4= G avrRric (25a)
or
2077 2K2
il 2)Y;C (259)

where o, is the median inert strength. The factor Y
depends on the flaw geometry. A value of ¥ = 1.3 for
surface cracks is recommended.

4.2. Statistical procedure

A statistical procedure to determine the da/dN-AK
relation is described here. It is analogous to the
method developed by the authors for static tests [4]. It
does not assume a power law relation between da/dN
and AK. The evaluation procedure uses thé general
relation

N. = “ da
7 ], (da/dN)

_ 2 AKe AK d(AK) 26)
~ (AoY) Ju, (da/dN)
with
AK; = AcYal? (27)
AK, = AcYal?* = Ac Yal? (28)
and

Ac, =

<

o.(l — R) 29)

This first kind of Volterra integral equation can be
solved by differentiation and one obtains

d(N/AG?Y?) | AK,
d(AK) (da/dN);

Assuming that the same flaws are responsible for
fatigue failure and for strength, the initial crack size
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(30)

can be replaced by the inert fracture strength (Equa-
tion 5) and AK; by
Ac

AK;, = K, (31)
c

(4

Equation (30} then leads to the crack growth rate
da/dN at the beginning of the cyclic test (AK = AK)

da\ 2K% dlog(Ac/o,)
dN,)

"~ N;02Y? dlog(N,;Ac?)
If the initial crack size can be measured, Equation 32
can be replaced by

(&) -

The evaluation of Equation 32 requires the relation
between Ac/c, and N;Ac?. The basic idea is to use
the natural scatter of the strength and the lifetime and
to correlate the corresponding values for the same
failure probability.

If for both the strength test and the lifetime test the
same specimen size is used, then a number of N
specimens are used for strength and lifetime measure-
ments. The results are ranked and corresponding val-
ues (jth strength and jth lifetime) are used in a
log(Ac/o,;) versus log(N¢;Ac?) plot. From this plot
the slope is determined and da/dN calculated for the
corresponding Ny;, 6; according to Equation 32. The
corresponding AK; is given by

Ac
c

(32)

_ 2a; dlog(Acai?Y;)

N; dlog(N,Ac?Y?) (33)

AK K

ij = le (34)
oj

If different numbers of specimens are used for lifetime
and strength measurements, the corresponding values
have to be obtained for the same failure probability

according to

Fo= 122 (35)

In principle, this method requires tests to be per-
formed at only one stress range.

4.3. Description of a least-squares
procedure

If the lifetime tests are performed at several stress
levels and the numbers of results at each level are too
small, it is recommended to apply a least-squares
routine to find the mean dependency between Ac/o,
and Ac?N;. If the fitting curve — not necessarily a
straight line — is analytically expressed by

Ac)] (36)
GC

this relation can be introduced into Equation 30
which can be rewritten in a more convenient form
which only contains the quantities Ac/c, and Ac? N,

da 2K} [Ac\* 1
o. ] Ac?N;

log(Ac?N;) = f[log(

dN Y?

<

[d(log io>:|/[d(log AG?N))] (37)




Thus, the v—K curve is obtained directly as a mean
curve. This variant seems to be best appropriate for
artificial surface cracks with their strongly reduced
scatter.

5. Testing device

Fig. 1 shows a simple testing device for cyclic bending
tests with R = — 1 [5]. The specimen (1) is fixed at its
ends in brass tubes (2) by an epoxy resin (3). Owing to
the low Young’s modulus of the epoxy resin compared
with the Young’s modulus of the ceramic specimen,
the load can be applied without any notch effect. The
second version of fixing the specimen [6] may be
recommended for materials with a relatively low
Young’s modulus (i.e. glass). The cyclic load is gener-
ated by the magnet system of a loudspeaker (4) and
transferred to the specimen by a cantilever (5). The
bending moment is measured by strain gauges (6)
provided on the fixing bracket as well as directly on
special specimens used for calibrating. At the moment
of failure, the loudspeaker stops working and a time
counter is interrupted. By additional application of a
spring (7) the mean stress can be changed in a wide
range.

6. Results from specimens with natural
cracks

6.1. Strength and lifetime measurements

Measurements were carried out on 3.5 mm x 4.5 mm
x 50 mm specimens made of 99.6% Al,O;. The
99.6% Al,0O, was roughly ground only resulting in a
relatively low strength. Such a surface state will ensure
that all specimens will fail on account of surface
cracks. The specimens were annealed in vacuum for
5h at 1200°C. Fig. 2 shows in a Weibull plot inert
bending strength data for the specimens with natural
crack population. The corresponding strength for a
specimen with twice the surface (or volume) ¢,, which
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Figure 1 Testing device for alternating bending tests.
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Figure 2 Inert strength in a Weibull representation.

is relevant for comparison with cyclic tests with
R = — 1, can be calculated by

F(o,) = 1 —[1 - F(o))? (38)

The distribution of these strength data is also shown
in Fig. 2. Obviously the data cannot be described by a
two-parameter Weibull distribution. For further
evaluation the following parameters have been
determined:

median strength 6, = 223 MPa, 6., = 214 MPa.

Weibull parameters for the data at the lower strength
values:

o F < 06, o, = 2286 MPa,
m = 18.8;

G,. F < 072, o, .= 220.1 MPa,
m = 211

The results of tests with constant stress are shown in
Fig. 3. From these data n, = 40 was obtained. In Fig. 4
the results for o = 185 MPa are shown in a Weibull
plot. A similar behaviour as for the strength can be
seen.

The Weibull parameters for F < 0.6 are

m¥ = 0616, t, = 00194h

From the scatter of strength and lifetime the relation
between crack growth rate and stress intensity factor
was found as [7]

d K 38.6
d—‘; 5><10—4(K—‘> ms™!  (39)

lc

Le. n = 386, A* = 5 x 1074

In Fig. 5 the results of the cyclic tests are shown for
a frequency of 50 Hz. Fig. 5 also shows the prediction
from the static tests using Equation 23. The predicted
and measured lifetimes are significantly different. It
has to be concluded from these results that the cyclic
fatigue effect is very strong.
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Figure 3 Constant load lifetime tests.
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Figure 4 Static lifetimes in a Weibull representation. Al,O;,
o = 185 MPa.

The Weibull plot for two stress amplitudes is shown
in Fig. 6. The-Weibull-parameters for F < 0.72 (cor-
responding to the strength) are

Opax = 143 MPa:

m* = 0.654 [0.41, 0.856],

te = 062h (N, = L1 x 10%)
Opax = 120 MPa:

m* = 0.653 [0.388, 0.868],

to, = 70h (N, = 126 x 107)

where the numbers in brackets are the lower and
upper values of the 90% confidence interval.
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Figure 5 Cyclic lifetimes for specimens with natural cracks com-
pared with predictions (——) based on static tests. R = — 1; 50 Hz.
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Figure 6 Cyclic lifetimes in a Weibull representation.

6.2. Determination of da/d N-AK data

6.2.1. Parameters A and n of a power-law
description

In order to determine the parameters A, A* and »n of

the power law Equation 3, a least-squares fit accord-

ing to Equation 9 was performed with the data of

Fig. 5, resulting in

logt; = 6099 — 28.64 log o, 40)



or

logN; = 6625 — 28.6410g G,y (41)

with o,,, in MPa, t; in h. From Equation 9 it follows
that

C .
logN; = log<?) — nlog Gy 42)

Comparing this equation with the fitted straight line
yields n = 28.64 and log C = 74.87, and by use of the
median strength, ,, one obtains log B = 12.788. Asa
consequence of Equation 25 and knowledge of the
fracture toughness K, = 3.3 MPa m'/?, the factors A,
A* are given by log A = — 27.94, log A* = — 13.09.

6.2.2. Statistical procedure
The statistical procedure for evaluating da/dN is rela-
tively simple and will be outlined below for the natural
cracks in the special load case of alternating bending
(R = — 1). The cyclic lifetime results of Fig. 5 are
plotted once more in Fig. 6 as Weibull distributions.
First, the cyclic fatigue data (N, t;) have to be associ-
ated with the corresponding inert strength data, o..
In the case of static tests, where the surface of failure
(namely the surface in the tensile region) is predeter-
mined, the lifetime, ¢, and strength data are directly
correlated.

F(i) = F(o.) (43)
In the case of cyclic tests the correlation between
strength and lifetime data is different. Because in alter-
nating bending tests with natural cracks, the effective
surface (volume) is twice the effective surface (volume),
the cyclic lifetimes (or numbers to failure) have to be
correlated to the strength data, o,.

F(N¢g) = F(oc) (44)

The auxiliary diagram, Fig. 7, provides the derivative
necessary in Equation 32. \

For application of the statistical procedure it is very
important that lifetimes as well as strength measure-
ments are performed using the same loading config-
uration. This is indispensable, because the scatter in
lifetime and strength must not be influenced by use of
different testing devices. From the data of Fig. 7 and
application of Equation 32 the da/dN-AK data of
Fig. 8a result. The relation can be described by

d AK 282
a% = 1x 10_13<E—> m/cycle  (45)
lc

with K,, = 3.3 MPam'/2,

In Fig. 8b the da/dt data for natural cracks [7] are
represented. The data points can be described by
Equation 39.

7. Results from specimens with Knoop
cracks

A second series of specimens were damaged by Knoop

indentation tests. Owing to the low strength of the

99.6% Al,0O; specimens with “natural” crack popula-

tion, larger Knoop cracks had to be introduced to

ensure fracture at these artificial cracks. This was
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Figure 7 Auxiliary diagram for evaluating Equation 11 (natural
cracks).

fulfilled for Knoop cracks obtained with an indenta-
tion load of 294 N. After indentation the Knoop-
damaged specimens were annealed once more under
the same annealing conditions in order to remove the
residual stresses due to the indentations. Strength
measurements yield a median strength of &, =
192 MPa. Static lifetimes are represented in Fig. 9.
A least-squares fit of the data yields an exponent
n, = 38. The related crack growth law is plotted in
Fig. 8b as a solid line.

Fig. 10 shows the result of lifetime for a frequency of
50 Hz compared with predictions based on static tests.
In this case, the prediction was made by use of Equa-
tion 21. Similar to the results for natural cracks, for the
Knoop cracks also a significant cyclic fatigue effect is
obvious.

7.1. Determination of da/dN-AK data

7.1.1. Parameters A and n of a power-law
description

The same procedure as outlined for the natural cracks

gives the parameters 4, A* and n of the power law

Equation 3 for the artificial cracks by a least-squares

fit of the data represented in Fig. 10

logt; = 43.76 — 21.05logo ., (46)

or
logN; = 4902 — 21.05logo,,,  (47)

with o,,,, in MPa, 1, in h. From this fit one obtains,
with the median strength of o, = 192 MPa, for the
Knoop cracks n = 21.05, logA = — 2293, logA* =
—12.02.
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Figure 8 Crack growth curves for natural cracks. (a) da/dN-AK
curve for cyclic tests at R = — 1; (b) da/dt—K curve for static tests.

7.1.2. Least-squares procedure

In order to determine the fatigue crack growth law for
Knoop cracks, the least-squares procedure is applied
to the Knoop data represented in Fig. 10. In Fig. 11
the quantity log Ac/c, is plotted versus log Ac?N,. A
least-squares fit by a quadratic polynomial yields
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Figure 9 Static lifetimes for specimens with Knoop cracks.

Ns (cycles)
10° 195 10’ 10°

160 ! !
o R
9
1401 &
°Ry
—_ O
= -
< 120 N
z Qo
>c< @
E ocowm ©
© 1001 \Q -
@]
80} .
L ! | ! 1 | ] 1 L
107 1 102 10
£ (R)
Figure 10 Cyclic lifetimes for specimens with Knoop cracks com-
pared with predictions (——) based on static tests. R = — 1; 50 Hz.
log(Ac?N;) = 1221 — 20.745log

<A°> - 2.50010g2<A0> (48)
o, o

Inserting these results in Equation 1la yields the
da/dN-AK curves represented in Fig. 12. The depend-
encies can be approximated by a power law

d AK 23.2
d—]‘\’] = 39 x 10—13<K—> m/cycle  (49)

Ic
In contrast to this result for crack growth under cyclic
load, static lifetime measurements (Fig. 10) exhibited a
subcritical crack growth exponent of n,,;. ~ 39.

8. Discussion
From the results a pronounced cyclic fatigue effect can
be concluded. The relation between crack growth rate
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Figure 12 da/dN-AK curves for the two crack types: 1, natural
cracks; 2, Knoop-cracks.

da/dN and AK can be described by a power law. The
two methods applied to determine the parameters 4*
and n yielded nearly identical values (see Table I).
The exponent is less than the exponent for sub-
critical crack extension under static loading n,.

TABLE I

Crack type, A* n

Method
loading
Natural cracks, 8.13 x 107'* 28.6 Power law
cyclic 1.0x 10712 282 Statistic
34.3(26, 53) Equation 13a
Gy = 143 MPa
34.2(26,56) Equation 13a
Opax = 120 MPa
Knoop-cracks,  9.54 x 107*3 21.1 Power law

39 x 10713 232

cyclic Least squares
Natural cracks, 38.6 Statistic
static 325 Equation 13a

For the tests with the Knoop cracks the parameters
are slightly — not significantly — different. From the
good agreement between the different evaluation pro-
cedures it can be concluded that the assumption for
the statistical procedure — namely the same flaw
population for strength and cyclic fatigue — is fulfil-
led.

Another check of this assumption is the comparison
of the Weibull parameters. The exponent n can be
obtained from the Weibull parameters m of the
strength and m* of lifetime using Equation 13a. The
deviation from the straight line in the Weibull-plot
complicates this evaluation. Therefore, only the data
for F(o.) < 0.6 and F(t,) < 0.6 and for F(o,,) < 0.72
and F(t., N;) < 0.72 are used. The results are shown
in Table 1. ‘

For static loading the agreement is good (n, = 38.6
from the evaluation of the lifetime, n, = 32.5 from
Equation 13a). For cyclic loading, Equation 13a leads
to slightly higher values of n than the other method.
Taking into account the limit values of the 90%
confidence interval of the m*-values, the limit values in
brackets (Table 1) are obtained, which include the »-
values of 28.6 and 28.2 for the natural cracks. From
this point of view there is no significant deviation
between the various methods. It should, however, be
emphasized that the determination of m* may not be
accurate enough because of the limited number of
specimens tested.

9. Conclusion :

Measurements of cyclic fatigue were carried out on an
99.6% Al,0O5-ceramic in bending with an R-ratio R =
— 1. Two types of relatively small cracks have been
considered: natural cracks and artificial cracks
(Knoop cracks). By lifetime predictions based on static
tests it has been proved that there is a real fatigue
effect for both crack types.

In order to determine da/dN-AK curves for small
cracks from lifetimes under cyclic load, a procedure
has been derived which is based on a method usually
applied to subcritical crack growth [4].

" The main results are as follows.

1. Within the scatter of data, both crack types
(natural and Knoop cracks) exhibit the same
da/dN-AK relation.
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2. The exponent of the Paris law (n ~ 23-27) is
significantly different from the exponent of the power
law for subcritical crack growth n ~ 38.

3. A threshold value AK, for fatigue crack growth
is not detectable down to crack growth rates of
da/dN =~ 1 x 107 *3 m/cycle.
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